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INTRODUCTION 

The concept of a ring of quotients was apparently first introduced 

in 192 7 by a German m a thematician Heinrich Grell i n his pape r 

"Bezeihungen zwischen !deale verschievener Ringe" [ 7 ] . I n his work 

Grelt observed that it is possible to associate a ring of quotients with 

the set S of non -zero diviso rs in a r ing. The elements of this ring of 

quotients a r e fractions whose denominators b elong to Sand whose 

numerators belong to the commutative ring. Grell's ring of quotients 

is now called the classical ring of quotients . 1 

GrelL 1 s concept of a ring of qu otients remained virtually unchanged 

until 1944 when the Frenchman Claude C hevalley presented his paper, 

"On the notion oi the Ring of Quotients of a Prime Ideal" [ 5 J. 

C hevalley extended Gre ll's notion to the case whe r e Sis the compte-

ment of a primt: ideal. (Note that the set of all non - ze r o divisors and 

the set - theoretic c om? lement of a prime ideal are both instances of 

.mu ltip licative sets -- sets tha t are closed under multiplicatio n.) 

1According to V. P . Elizarov, the Russian mathematician E. 
Steinitz introduced the concept of quotient r ings in 1909 in his paper 
"The Algebraic Theory of Rings, " but this paper is not available for 
1ns?ection. See V . P . Elizarov, "Rings of Quotients, 11 Alg ebra and 

Logic , 8 (1969 ), 219. 

l 
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Ghevalle y confined his applications to Noetheria n Rings. A rin g of 

quotients as soc iated with the compleme nt of a p rim e ideal p is some

times called th e localization of Rat P. 

Four years later, the Russian A. I. Uzkov gene ra lize d com

pl etely the concept of rin g s of quotie nts in his paper ''On Ring s of 

Quotients of Commuta tive Rin gs " [l l ] . Uzkov showed that i t is possi -

h ie to constru c t a r ing of quotients from an arbitrary commutative ring 

with an arbitrary multiplicative set. Uzkov ' s ring of quotie nts is now 

referred t o as the gene ral rin g of quotients. 

Since 1927 when it was f i rst introduced, the concept of rings of 

y_uotients hao become a unifying idea in c omm utative r ing theory and 

thus i n corr.mutative algebra . Chevalley appears to have been led to 

the idea of r i n g s of quotients more because of its "usefulness in a pp li-

cabons t o algebraic geometry, than because of the imp ortant role it 

can be made t o play in the a b strac t theory" [ 10, p. 103]. The process 

of l ocalizing a ring a t a prime idea l is the al gebra ic analogue of con -

centrating a tten ti o n on neighborhoods of points in ge ometr y . T hus the 

" resu lts about loca lization can usefully be thought of in geome tric te r m s" 

r l · ·] As a result, " commutative algebra is now one of the , p . Vll • 

.foundation stones of a lgebraic g e o metry. It provides the comp lete local 

t ools for the subject .. . 11 [ 1, p. vii] . The mode rn trend in m o st all 

a reas of a l gebra puts more emphasis on modules and localization, so 
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that the rings of quotients have applications 1n many areas of algebra. 

Probably the main reason for this trend is that the passage to the r ings 

of quotients makes many p roofs shor ter a n d considerably easier . 

Many of the more important and interesting properties of rings 

of quotie n ts are now so we ll known to the experienced mathematician 

that the ir proofs a re often left to the r eade r. Indeed , in no sing le 

source are a ll the proofs available toge the r . Such scholars as 

Kaplan s k y and Northcutt present some proofs, but in every case some 

of the relevant prope rties are merely assumed and not fully d eve loped. 

T he pur p o ses of this paper, therefor e, are to give a detailed cons true

tion of the rin g of quotien ts deriving some of the well - known properties, 

and to discover which properties of the r ing Rare preserved unde r 

Localization . M ost of the theorems and prob lems in t his paper are 

take n from K ap Lansky ' s C ommutati ve Rings and Gilm e r ' s M ulti plicative 

Idea l Theory. 

T he first chapter of t his paper will i nclude a detai led study of 

multip licative sets and prime ideals. T he s econd chapter wi ll i nclude 

the properties of the generalized ring of quotients, while the third 

chapte r w ill examine some of the properties of the classical ring of 

quo t ients . T he Last c hapter w itt be devoted to a conside ration of pro

pe rties of rings that are preserved under localization. 



CHAPTER I 

PRIME IDEALS AND MULTIPLICATIVE SETS 

Prim e ideals not only play a central r ole in the theory of commu -

tative ring s, but they also p lay an important role in the process of local-

ization . I ndeed Chevalley defined his multiplicat ive sets a s t h e set -

theoretic complements of prime ideals . Hence it seems approp riate to 

d evote the first part of th is paper to a few observations concerning pr ime 

ideal s and to some of the prop erties of m u ltiplicative sets . Unless ex -

p licitly stated t o the contrary, i n aLL that follows ~wilt denote a commu -

ta tive ring with~ identit y and S will be used for any m u l ti p licative set. 

An ideal P in a r ing is p ri me if ab in P im p lies either a o r b is in 

P . A subset S of R is a multiplicative set if S contains the i dentity and 

l) f or a and b in S, the p roduct ab is inS and 2) the zero element is not 

i nS . Examples of multiplicative sets include the foLLowing . 

1. T he set consis ting of just the uni t y element is trivially a multi -

plicativ e set. 

2. The setS of aLL non-ze ro divis o rs is a mul tip licative set . F or 

if a a n d bare inS then abf 0 sin c e a=/= 0 a nd bf 0. If 0= (ab )c=a(bc ) 

then c =--= 0 since a a nd b are in S, and hence a b is in S. 

3 . T h e set S of invertible e le ments in R is a multiplicative set. 

4 
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For if we let a and b be elements of S, then a d an b are invertible. 

Th _, _, -1 
us l= (ab)b a= (ab)(ab ) . Therefore ab is invertible and so is an 

element of S. 

4 . The set S of all powers of a non-nilpotent element is a multi -

plicative set. Ii ( t, a\ az., .. . , a"-, ..• ] is the set of all powers of a, 

th ~ L k.+..l . . S . . . en a · a = a 1s 1n s1nce a 1s non-n1lpotent. 

5. The setS of all integers not divisible by an arbitrary fixed 

prime is a multiplicative set. For if m and n are elements of S, then 

p does not divide m or n . Thus p does not divide mn. Therefore mn is 

in S. 

6 . The set-theoretic complement of a prime ideal is a multipli -

cative set. The proof that this set is a multiplicative set is contained 

in Theorem L, which also gives us another char acterization of prime 

ideals. 

Theorem L Let I be an ideal, and LetS be the set-theoretic 

com?Lement of I. Then I is prime if and only if Sis a multiplicative set. 

Proof : Suppose S is not a multiplicative set. Then for some a 

and b in S, ab is not in S. Thus ab is in I, and I is not prime. Now 

sup pose I is not prime. Then for some ab in I, neither a nor b is in I . 

Thus a and b are in Sand S is n ot a multiplicative set. 

The ideal I in Theorem L is obviously maximal with respect to the 

exclusion of S. Actually the weaker condition that an ideal I need only 
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be maximal w ith respect t o the e x clusion of S is a s ufficient condition 

for I to be prime. 

Theorem 2. L e tS be a mul tiplicative set in a ring R. An ideal 

I in R is prime if I is m aximal with res pect to the exclusion of S . 

Proof: Suppose ab is in I and neither a nor b is in I. T h en the 

i.dea l (I, a ) is strictly large r than I. Therefore (I, a) inter sects S . 

T hus the re exists an s' in S of the f orm s'= i' + xa (i ' i n I, x in R). 

Simila rly w e h ave s " inS and s"= i"+yb. But then 

. s ' s" = (i ' + xa )(i"+ yb)=i'i"+ i 'by+ i"xa + xyab. 

N ow i 'i" is in I obviously, i' yb i s in I since i is in I and yb is in R . 

Similarly i " xa is in I. Also Kyab is i n I since ab i s in I. T herefore 

sIs" is in I. But t his is a con tradiction , since s n I= ¢. 

This theore m suggests a method for constructing prime ideals 

from ordinary ideals in the ring R . 

Theorem 3. Let S be a multiplicative set. If an idea l J of R 

d oes not meet S , then there is a maximal idea l I w ith respec t to the 

exclus i on of S such that I contains J . Such an i dea l I is prime. 

Proof : Suppose J is n ot maximal, and let a be an element in 

neithe r J nor S . Then (J, a ) , the ide a l generated by J and a p r ope r ly 

contains J. If (J, a) i s maxi ma 1, then (J, a ) is the required ideal. If 

(J, a ) is not maxi m a l, then there exis ts an e lement b in neither (J, a) 

nor S such that (J, a, b) properly contains (J, a ). Now (J, a , b ) is either 
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maximal or not maxima l, and we repeat the argument above . We thus 

obtain an inductive set. Hence, Zorn's lemma im plies the existence of 

I. By theorem 2, I is p rime. 

Not on l y can we find maximal ideals with respect to the exclusion 

of S, but we can a lso fi nd maximal multiplicative sets w ith res pect t o 

the exc lusion of a given ideal I. This result is stated as Theorem 4. 

A proof can be found in MeG oy [ 9, p. 104]. 

The orem 4. Let I be an i deal in a commutative ring Rand Sa 

mu ltiplicative set of R which does not meet I. Then Sis contained in 

a maxima l multiplicative set T which does not meet I; that is, if M is 

a multiplicative set such that T is a proper subset of M, then M con 

tains an e lement of!. 

If a m u ltiplicative setS is the complement of a p rime ideal, then 

it has the additiona l property of being saturated. That is, if an ele me nt 

xi s in S, then all divisors of x are also inS. All the examples on 

pa ge s 4 and 5 are satu rated except for example l. That the set of all 

inve rtible elements i s a saturated multiplicative set is immediate. For 

if ab is in S, then (abf' b_, a-• exists . Thus a and bare inver t ible and 

inS. The proofs of the other examp les are just as trivia l and w ill be 

omit ted. Other examples of saturated multip l icative sets i nclude the 

following. 

1. If R 1s an integral domain and Sis the set of al l elements 
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expr essible as products of principal prime s, then S is a saturated 

multi p licative set. An e lement pis a principal prime if the ideal (p) is 

p rime and non - zero. This set is obviously closed. The proof that Sis 

!; a turated can be found in Kaplans ky [ 8, p. 4] . 

2. The setS is a saturated multiplicative set if and only if the 

-:. omplement of Sis the set-theoretic union of prime ideals in R. LetS 

1.J e a saturated multiplicative set, and LetT be the union of all p r ime 

ideals that do not intersect S. If an element a is in the complement of 

S, t hen the principal ideal {a) is disjoint from S since Sis saturated. 

1i we expand {a ) to an ideal I maximal with respect t o the excl u s ion of S, 

t hen I is prime . T hus eve r y a not i n S is in a prime idea L disjoint from 

S , so the complement of Sis a subset of the union of pr ime ideals in R. 

I 

The r everse inclusion fo llows from the definition ofT, and so S = T. 

Now s uppose the complement of Sis the set - theoretic union of prime 

ideals in R. The proof that S is multip licative is similar to the p roof of 

theor em l, so wi ll be omitte d. If ab is inS, then ab is not an element 

of any prime idea l P of R. Thus a is not in P and b is not in P. There -

fore both a and b are in S, s o S is saturated. 

It fo llows from example 2 that the set of zero divisors in R is a 

union of prim e ideals. A saturated multip licative s e t containing 0 1s 

the wh o le ring, for if 0 is in S, then a · O=O is in S for all a in R. 

Therefore a is in S since S is saturated . 



CHAPTER II 

RINGS OF QUO TIENTS 

I n t his chapter and the next we shall make a systematic inves t i 

gation of the p r operties of r ings of quotients . We will consider the 

most gene r a l case in thi s chapter, whe re Sis any mu ltiplicative set, 

then re s tr ict S to the set of non-zero divisors in Chapter 3 . 

Let us now conside r the set of all symbols of the form (r, s) with 

r in Rand s inS. We say (r, s) is equivaLent t o (r', s') , denoted by 

(r , s)"" (r' , s') p r ovided t(s 'r- sr') = 0 fo r some tin S. We wi tt show 

that "'-.J is an equivalence r e tation. T o prove that ""'-' is r e fL exive , le t 

t be an etement of S. T h en t(O)= t(as-sa) = 0, and so (a, s) "'-'(a, s). 

The retation is symmetric for if (a, s) ,y (r, t } then 

x (at -sr) = 0 = xat - xsr = xta-xsr = xsr- xta = x (rs - ta} 

for some x in S. Thus (r , t} ~(a, s ). The r e tation is transitive since 

if (a, b ) /'"<J (c , d) and (c, d }I""J (e, f ) then r(da - be)= rda -rbc= 0, and 

t(fc-de) = tfc -tde = 0, for some rand tin S. Thus rda= rbc and 

tfc = tde . MuLtiplying the first equation by t f and the second by rb we 

ge t trdaf = trbcf and rtfcb = trdeb. Thus trdaf = trdeb and 

trdaf - trdeb = trd(af -eb) = 0. 

Therefore (a , b)"'-- (e, f ) since trd is inS. The notation fo r the equivalence 

9 
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clas£ containing (r, s) will be r/s. The process of forming equiva lence 

classe s i s c alled a localiza tion of R by S. 

If multiplication and addition are defined by analogy with th e oper-

a tions for o rd ina ry fractions, the collection of all e quivalence classes 

form s a ring, called the ring of quotients of R by Sand denoted b y s-'R. 

T hat j s I s-' R = 1r Is I r is in R, s in sJ . Multiplication and addition are 

defined a s f ollows: 

(a/s}(b / t)= (ab)/(st) and a/s+b/t=(ta+sb)/st . 

These operations are well define d. Suppose a/s=a '/ s' and b/t=b'/t'. 

We need to s h ow that (ab )/(st)= (a'b') / (s't 1
). Since a/s= a'/s 1 and 

h/ t= b'/t1 then x(s'a-a 1 s) = 0 and y(t'b-tb 1
) = 0 for some x andy in 

S. Hence xs 1a= xa's and yt 1b= ytb' and so xs 1 ayt'b=xa'sytb 1
• Thus 

xs 1 yat'b-xa 1 sytb '= xy(s'at'b-a 1 stb 1 )= 0. 

Therefore (a b)/(st)=(a 'b 1 )/(s 1 t'). To show that additi...on is we ll defined 

we must show that (a t + sb)/(st)= (a 1t'+s 1b')/(s 1 t 1
). M u ltiplying 

x (s 1a-a's) and y{t1b-tb 1 ) by yt't and x s's respectively, we have 

xy(t'ts'a-t1 ta' s) = 0 = x y(s 1 st'b - s' stb' ). 

T hu s xy(t' ts 'a- t 1ta' s + s 1 st1b- s 'stb' )= xy [ t 1 s'(ta+ sb)- st(t' a 
1+ s 

1
b') J = 

0. Therefore since xy is inS, (ta+ sb)/{st)= (t'a '+ s'b
1
)/(t

1
s'). 

The ring S-1 R w ill consist of just one e lernent if the 0 element is 

· ~ Forifr/sisinS-IR, thenr/s=O, since O(sr - 0)=0. Itisfor l.n ::>. 

thi s reason that 0 cannot be 1.n S. When S is the complement of a prime 
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ideal P, the ring of quotients will be denoted by .Rr instead of s-• R. In 

the case where Sis the set of all non-zero divisors of R, then s_. R will 

be called the classical ring of quotients of Rand will be denot ed b y so-• R. 

If R is an integral doma in and Sis the set of all non -zero ele m e nts of R 

then s-• R is a field, called t he quotient field of R . For exam p l e if R is 

the ring of integers, the n its quotient field is the field of rationals . 

Every e lement of Sis invertible in s-•R, for if s is i nS, the n 1/ s = s-' 

i s in s-• R. 

T he r e i s a natural r ing homomorphism tj from R into s-• R defined 

by aq =a/ l. This is a homomor phism since if a and b are in R, the n 

(a+b)q = {a+b)/ 1= a / l + b/1= aq+bq, and (ab)~= (ab)/l=(a/l )(b/1)= 

( aq)(b~) . The kernel of q is the set of elements annihilated by some 

member of S. That is, if x is in the kernel of q then there e x ists an 

s in S such that xs = 0. The natural homomorphis m q is n ot, in 

genera l, i nje ctive (one -to-on e). For example, suppos e R is t he r i ng 

Z/ (12), and S = R-(2). That is, S = tT, 3,5, 7, 9, TIJ . T hen 4 is in the 

kernel of ~ since 3·4= 0. If, however, R is an integral domain, then 

q is injective . For if r is an element of the kernel of~. then 

rq = r/l = 0 / s. T hus there e xists at inS such that tsr = 0. Since 

ts is in Sand R is an inte gral domain, then r = 0. Therefore q is one-

to-one . 

T he re is a corresp ondence between i deals in Rand ideals inS ... R. 

' 
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Theorem l. If A is a subset of Rand A a subs et of s-1 Rand 

A~= A, then A cf\s an ideal if and only if A is an ideal. Further, 

A= {a/ s I a in A, s in sj . 

Proof; Let .Aq-1 
be an ideal in R. Then ar and a- b are in Acf' fo r 

any a and bin Aq-
1 

and r in R . Thus (a/l)(r/1}= (ar)/l= (ar)c:J is in A , 

and (a / 1-b/1)= (a-b)/l= {a-b)q is in A. Therefore (a/l)(r/l) and 

a/ l- b / L are in A for a/ l, b/1 in A and r/1 in s-• R, so A is an id e al. 

Now suppose A is an ideal ins-' R, then (a/l)(r/l)and a/L- b / l are in A 

for any a/1, b/l in A and r/l in S-
1
R. B t ( / L)( /1) ( )/L · A- th u a r = ar 1n , us 

a:t i s in Acf~ Also a/t-b/L= {a-b)/1 is in A , thus (a-b) is in Acr! 

Therefore a r and a- b are in A cf' for some a and b in Acf-l and r in R, 

so Xcf' is an ideal. Now Let M= la/sl a in A, sinS], and let a/1 be 

i n A. Then a/ L is obviously in M since l is in S . Thus A C M. Now 

let a/s be in M, then a/s= (a/l)(L/s) is in A since A i s an ideal and a/ L 

is in A and 1/s is in s-l R . Thus M cA. Therefore 

A = (a/ s I a in A' s in sJ. 

The ideal A explodes to S-
1 

R if and only if A contains an element 

of S. For if A= s-' R, then L is in A. So if s is in S C R, then s · l = s 

is in A since A is an ideal. Thus An S :/= ¢. Now if a is in An S, 

th en a / a:.= 1 is in A. 
- I 

Therefore A= s- R. The correspondence b etween 

o rdina ry ide als in Rand s-• R is n ot necessarily order preserving. 

That is , if A and B are ideals in Rand A C B, then A might equal B in 
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s-'R. Also on returning to R, Acf' might possibly be the whole ring R . 

The correspondence improves if only prime ideals are considered as 

the following theorem show s. 

Theorem 2 . T he natura l hom omorphism implements a one -to -

one order preserving correspondence between all prime ideals ins-' R 

and those prime ideals in R disjoint from S. 

Proof: Let P be a prime ideal in R such that P n S = cJ. By 

theorem l of this chapter P is an ideal in s-• R since P= P q. The ideal 

Pis proper since P n S = ¢. The ideal Pis prime since if (r / s)(a/b)= 

(ra)/(sb) is in P, then (ra)/( sb)= p/s' for some pin P, s' inS. Thus 

there exists an s 11 1n S such that s 11 s 1 ra = s 11 sbp. Now s 11 sbp is in P, 

so s " s1r a is in P. Thus r is in P or a is in P since P is pri me, and 

s 1s 11 is not in P . Therefore r/s or a/b is in P, and soP is prime . To 

show q is one -to - one, let P and Q be prime ideals in R, and assume 

F = Q. Suppose pis in P, and lets be inS. Then p/ s is in P . Since 

P= Q, then p/s= q/ t in Q for some q in Q and tinS. Thus the re 

exists an s 1 in S such that s ' tp = s 1 sq. Therefore p is in Q since Q is 

a prime ideal and S n Q= ¢. Now suppose q is in Q and Lets be inS. 

Then q/ s is in Q . T hus q/ s = p/t in P for some p in P, tin S, and 

there exists an s 11 inS such that s 11tq= s " st. Therefore q is in P since 

p is a prime ideal and S n P = ¢. Therefore P = Q . Since q is one 

to-one, then Pcf' P. That is, P returns toP . T hus if P ~ 0, then 
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Pc:('C.Oc( and soP C Q . F or if P ¢ a, then there exists an eleme nt p 

in P such that pis not in Q. Thus p/s is not in Q and soP ¢ Q. There-

fore o r d er is preserved . 

ThuE the maximal ideals in s-'R a re simply the m aximal prime 

idec.ts disjoin t from S, which we,re discussed in the previo us chapter. 

If we ap ply t h eorem 2 t o the case where Sis the complement of a p rim e 

d e a l P, then theorem 2 implie s that Rp has exactly one maxi m al ideal; 

t ~u s Rp is a local ring . (A l o cal ring is defined to be a commutative 

t·ing with a unique maximal ideal.) To see that Rp is a local rin g , note 

tha t ii r/s is not in P, th en r is not in P. Thus r is inS and so r / s is 

a unit in Rp . It follows that if A is an ideal in Rr and A .J P, then A 

contains a unit and A= Rr· Therefore P is the unique maximal in ~· 

The necessary condition that s-'R be a Local ring is give n in theorem 3 

that fo l.Low s. 

T he orem 3 . LetT be a localization of Rand assume that Tis 

L0cal. Then T has the form Rp with P a prime ideal in R . 

Proof: Since Tis a localization of R, then there is a multip lica-

t .i ve se t S in R such that T = (a/ s I a is in R, s in S} . 
. I 

Dehne P= S 

the compl~me nt of S . I£ a and b are in P, then a and bare not inS. 

Thus a/ 1, b/ L are not units in T . Since T is local a/ 1 and b/ l are in 

.M, the maxima l ideal of T . Thus (a- b )/lis in M, so is not a unit in 

T. Therefore a- b is in P. Now if a is in P, then a/1 is in M in T, 
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and (a/ l)(r Is) is in M for all r in R, s in S. Thus (ra)/ s is not a unit 

1n T, and ra is in P. Therefore Pis an ideal. To show p is prime 

assume ab is in P. Thus ab is not inS so (ab)/ s is not a unit in T. 

Thus (ab}/s is in M. We may consider (ab)/s as (ab)/l•l/s or a/s ·b/l 

or a/l • b/s. For example, (ab )/s = (ab)/l· l/s . Since M is prime in T , 

either (ab )/ l is in M or l/ s is in M. Since s is a unit in T , l/ s is not 

in M , thus (ab)/l is in M. But (ab)/l= (a/l)(b/1), so either a/lor b/l 

is in M since M is p r ime. If a/ l is in M, then a is not in S. Thus a 

is in F. Similarly for b/l. Therefore either a orb is in P, a nd Pis 

prime. 

Not only is there a correspondence between ideals in R t h at are 

disjoint frorn S and ideals in s-' R, but also sorne of the properties that 

t he ideals may have in Rare preserved in s-'R. Exam ples include the 

following. In each case A= Aq for some ideal A in R . 

l. If A is a principal ideal in R, then A is a p rincipa l ideal in 

S~R. Since A= (a) , then Aq= (a)q = (a/ L) = A. T he refore A is 

principal. 

2. If A has a primary decomposition in R, then A has a p rimary 

decomposition in s-'R. (An ideal A is said to have a primary decompo

sit ion if A can be expressed in the form A= Q, n Oz.n Oil ... n Qrt • 

whe r e each Qi is p rimary.) The proof that A has a primary decompo

sition can be found in Northcutt [ 10, p. 18 J. 
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3 . 

in s-' R. 

If Q is a P-primary ideal in R, then Q is a P - primary ideal 

(An ideal Q is called a P-primary ideal if fo r ab in Q, w ith 

a not in P, then b is in Q.) For, let x= q/s, y = q' / s' where x andy 

a re elements of s-' R with the properties that xy = (qq' }/ (s s 1 ) is in Q and 

x= q /s is not in P. T hen qq' is in Q, while q is not in P. Thus q' is 

in Q. Thus y = q ' Is' is in Q, and so Q is a P-primary ideal. 

4 . If A is in ver tible in an integral domain R, then A is i nvertible 

ins-' R. (The inverse of A, denoted A-', is define d t o be the set of all 

x in t h e quotient field of R with the p r operty that xA CR. An ideal A 

i s invertible if AK' R. ) Suppose that AK'=/= s-' R . Then 

(AA-)cf7- (s-'R)cf' since R is an integral domain. Thus 

(Ac()(K'cf') =f (S_, R}c( Therefore AA-'=/= R. 

5. If A is a dense ideal in R, then A is a dense ideal in s-' R 

whe re Sis a set of non-zero divisors in R. (An ideal A is dense if fo r 

a ll r in R, rA= 0 implies r = 0.) Suppose A is no t dense in s-' R 

where Aq = A. Then there exists an rl s in s -' R such that (r Is )A= 0 

and rls=f= 0. That is, fo r every a/tinA, (rls)(alt)=(ra)l(at)=O. 

Thus ra= 0 for every a in A, sorA= 0. But A is dense in R, so r= O, 

and thus r Is= 0 , a contradiction. The refore A is a dense ideal in s-' R. 
_, 

6. If A is the nilradical of R, then A is the n ilradical of S R. 

(The nilradical of R is the intersection of a ll prime ideals in R.) 

Since A is the nilradical of R, then A= n J1 where each !1 is a p rime 



17 

ideal in R . Let r/s be an element in A with r in A. Then r is in pi 

for every P; in R . Thus rg = r/t is in .!1 for every f1 in s-• R . 

Therefore (r/L)(l/s)= r / s is in~ for every !1 and so r / s is in n p
1

• 

Now Let p/ s be in (\ Pi. Then p/ s is in Pi for every f'i in s-' R. 

Thus p is in Pi for every Pi in Rand sop is in A. T herefore p/ s is 

in A. 

7. If P is a prime ideal in R that is disjoint from S, then the 

rank of P = the rank of P in s-' R . (We say that P has rank n if there 

exists a chain of distinct prime ideals of Length n descending from P, 

b ut no Longer chain exis ts .) If we let P be of rank n, then 

?= P., ~ P. ::> . . . ::> Pn, where each 11 is prime. Since there is a one 

to -one, order preservin g correspondence between prime ideals in R 

l~1at a re disjoint from S and prime ideals in s-• R, then 

P =F.,:::::>!=!~ . .. :J Bt . Thus P is of rank n also. 

The fottowing theorem shows that finite sums, products, and 

interse ctions of ideals in R are preserved in s- ' R. 

Theorem 4. 

I and J in R: 

Let S be a multiplicative set in R. Then for idea ls 

s -' (I+ J) = s-'I+s-' J 

s-' (IJ} = (S-' I)(S-
1 
J } 

s _, (In J) = s-· I n s-• J . 

Proof: First we wilt show tha tS-'(I t- J) = s - 'I +S-'J. If we Let 
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x /s be an etement of s -' (I + J), t h en xis 10 (I + J). s ox= i+j for s ome 

i in I, and j in J. T hus xi s = (i+j)ls = ils +jls . Therefore xis is 

in s-' I + s -' J. Now let y be an element of s-' 1 -t- S-'J. T hen Y= 

i I s + j I s 
1 
= ( s ' i + s j) I s s 1 w here 5 ' i is in I, 5 j is i n J . T hus s 1 i + s j 

1 
s 

i n I -:- J. T he ref or e y is in s-• (I+ J). To show that s -' (IJ) = (S~ I)(S-' J), 

' t'e le t xl s be a n e lement i n S -
1 
(IJ). Then xis in IJ and x=i: a . b

1
• for 

o=l l 

some a;in!, bi. inJ. Thusxls=~(aibdls =k(a;/s )(bill )in 

{S-' I)( S-'J). Now let z be an e lement i n (S-' I)(S- 1 J) . Then z = 

~ {~/s)1 (yl s'}1 = k <x .. y1 )l(si si'} for some xJ 5i in s-' 1, yi/s 1 in s - 'J. 

(::tsl . .. s<\s~ x:J. y1 + . . . + s1 SJ.1 ·· · Sn-z~~~x, y11 )l(s1 s.i sz.s; .. . 9.ts~ )= 

( :·:~yi+ X~ Yz.+ . .. +x~ Yrt. )l s = t.. (x~ Yi )/ sin s -' (IJ} where xi' = n Sj s/ Xj. 
Fl. 4 =1 ' G 

;-f i 

The r efor e z is in s-l(IJ ). Now let xl s b e an element in s-' (In J} . 

Then X is in (! n J) so X is in both I and J. Thus x/ s is in s-· I and s -· J . 

The refore x l s is in S-
1 In s-• J. Now if y / s is in s -• In s-' J , the n y/ s 

i s in b oth s-• I and s-• J. Thus y is in I and J . Therefore y is i n In J 

and so yl s is in s-'(rn J). 

It might be n oted he re that the passage from R to s-' R cuts out 

all prime ideals except those contained in P, where Pis maximal with 

respec t to the exclusion of S. Tha t is, there are no proper prime 

i d eals in s-• R that contains P. For if a prime ide a l I contains P and 

P i s maxima l with res pect to the exclus ion of S, then I contains an 



19 

element of Sand so I= s-'R. The passag e from R to R/P, the residue 

ring modul o P, cuts ou t all prime ideals except those containing P. 

Thus if we l oca lize the ring R with respect t o P and then obtain the 

residue ring modulo P the result is a field . 

Theorem 5. L et P be a prime id eal. T he quotient field of R/P 

is isomorphic to ~/P w here P is prime in Rp. 

The p r oof of theorem 5 is not difficult, but it is long and tedious 

so it will be omitted. The proof can be fou nd in Barsha y [ 2, p. 35 ]. 

The number of prime ideals in a r ing indicates to some deg ree 

the numbe r of localizations a ring might have. 

T he orem.6. A ring R has an infinite numbe r of localizations if 

and only if it ha s an infinite number of prime idea ls. 

P r oof: Supp ose R has an infinite number of localizations. T hus 

there exist m u lti p licative sets 5 2 , 52 , • • • such that S~' R~ s;' Ri: . .. . 

Le t P; be an ideal in R maximal with res pect to the exclusion of Si . 

Thus F: is p r ime. S ince P; C Sl , P; C:. Sj , where S,' is the c omple -

ment Of S then P ...L P For if P,. = P, then P,. = P
1
. where P ,· = R, . ..:J 

!I i/ j • • '1 

But P.' = s:-' R - P and p.• = S·-' R - P· T hus 
I I i l ~ I . 

s:-' R - P = s.-• R- Pi , and so s; ' R= SJ:-' R. 
I 4 t 

A contrad i ction, 

thus f1 =/= Pi, and R has an infinite numbe r of prime ideals . Now 

suppose R has an infinite number of prime ideals. T hen define S,= Fl' 

The refore S~' R=f S~' R::F ... , and R has an 
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infinite number of localizations . 

An example of a ring with an infinite number of localizations i s 

the ring of integers J, for J(f)=/= J<5>=f .. Notice that in this case we 

have J C J<2>CQ, where Q is the field of rationals . For J C J~>s ince if 

x is in J, then x= x·C' x/ t in ~<:!· Also J C J<.,>CQ. In fa ct every ring 

be tween the ring of inte gers J and the field of rationals Q is a ring of 

qaotients of J as shown in the next theorem. 

Theorem 7. E very ring between the ring of i nte gers and the 

fie ld of rationals is a ring of quotients of J where J is the ring of inte-

ge rs and Q is the ring of rationals. 

Proof: Let R be a ring such that J C. R CQ and Let 

S = [ m in Jl n/rn is in R for some n, (n, m) = 1]. The setS is a multi-

p ticative set, since if a and b are inS then (n.t. , a)= land (nz., b)= t 

fo r some n
1

, ~ in J. Thus there exist integers x, y, s, and t in J 

s uch thatxa+- yn1=land sb+tnz.= t. Hence t/a= y (n1 /a)+x is in R 

~ ince y(n
1

/ a} is in Rand x is in J CR. Similarly l/b is in R, and so 

(t/ a)( t /b} is in R. Therefore ab is inS, and so R = S-1 J is a ring of 

quotients of J. 

The fie id of quotients of J is also the fie td of quotients of J(2.), J,3), 

by the fol.lowing theorem. 

Theorem 8. Let R be a ring and LetS be a multiplicative set of 

R which contains no zero divisors . If R1 contains Rand is contained in 
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S..~ R h _. _, 
I t en S ~ S R . 

Proof : S ince R C Ru then s-' R C S_. R 1 obviously. Now let r' Is 

be in s-' R1, where r' is in Ri and s is in s cR. Then r' = r I s1, with 

r in Rl s1 inS, since R1CS-'R. Thus r'ls= r/ss11 so r ' /s is in s-'R. 

Therefore s-• R= s-• Rr 

Corollary. Le t R be an integral domain and Let F be the quotient 

fie ld of R. If R 1 is an i ntegral domain and R C R 1 CF 1 then F i s the 

qu otient field of R. 

Proof : LetS and S1 be the set of non-zero elements of Rand R1 

res pectively. Obv i ously SCS1 , so let s be in S1 • Then l /s is inS-~ R 1 

by theorem 8, and F = s-• R 1 so F =S~1 
R 1 1 the quotient fieLd of R 1• 

Since in the example J C J1z> 1 J CJ13>, ••• 1 then we have J CnJP.. 

Actually t he stronger result that J= n Jfl hold s. 

Theorerr. 9 . Let R be any inte gral domain. Then R= n R"'l , the 

intersection ran gin g over the maximal prime ideal s in R. 

Proof: Obv iously RC ~for each Rlll and therefore R C nR.nt. Let 

X be in n Rn,.. T hus x= r/ s where r and s are in Rl and s i s not in any 

maximal ideal M of R . Consider the ideal D of R consisting of allele-

me nts y in R such that xy is in R. Since x= r Is, then sx= r is in R . 

Hence s is in D, and soD is not a subset of any maximal ideal in R . 

Hence D=R. Therefore lis in D and so l· x=x is in R. 
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Therefore if an integra l domain R has only one non-zero prime 

ideal, then from theorem 9 R= R p, and this is the case when p =I= R. 

Theorem 10. lf R is an integral domain with quotient field K, 

and R;f: K, then R has exactly one non - zero prime ideal if and only if 

the only localizations of Rare Rand K. 

Proof: Suppose R has exactly one non-zero prime ideal, say P. 

Since p =I= R, then R is toea l and s-' R= { r Is I r is in R, s in sJ ' w here 

S is such that P is maximal with respect to the exclusion of S. Obvious 

ly RCS-'R. So let r/s be in s-'R. Then sis not in P . Thus sis a 

unit in R since R is local, and so r/s is in R . Therefore R= s-• R . 

Now suppose R has two distinc t non-zero prime ideals P1 and ~ . Then 

R11*Rrt and both are different from K since K is a Localization of R with 

respect to the prime ideal ( 0), a contradiction. 

We observe that we have established in the proof above that R is 

its own ring of quotients; that is, R= s-• R, when P=/= R in an integral 

d omain R if P is the only non - zero p rime ideal. The next theorem 

shows that there are other times when the ring of quotients s-' R equals 

R . We recall first that an element u in T is said to be integral over 

R if it satisfies an equation of the form u"t+ ~ u"-1+- •• . + a~-0, with all 

ai in R, where T is a ring containing R . We say that Tis integral if 

all its elements are integral. The elements of T that are integral over 

Rform a subring ofT [8, p . 10] , called the inte g ral closure of R in T. 
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T heorem l l. L et R be an integral domain. If a localization s-' R 

is integr a l over R, then R = s-' R. 

Proof: Obviously R C s -• R . Now if s-• R is integral over R then 

fo r every s-' in s - •R, s-• is integr al over R. Also since every s inS is 

invertible in S-
1 
Rand s - 1 is integral over R, then s-1 is in R [ s J by a 

resul t of Kap l a n sky [ 8, p. 10 ] . Since s i s in R , the n R[ s ] = R , and so 

s-' is in R . T he ref ore R = s-' R. 

There are other example s when R= s -'R in the next c hap ter where 

the classical r 1ngs of quotients are considered. B e fore proceeding to 

the special case we should consider, at this point, how integral closure 

b e haves relative to localization. An integral domain is said to be 

integrally closed ii every x in K , the quotient field of R, which is 

inte gral over R is in R. 

Theorem 12. If R is an inte grally closed integral domai n and if 

Sis a multiplica tive set in R, then s-'R is i n te g ratly closed . 

Proof : Suppose that the element u is in the quotien t fie ld and is 

1 S- ' R. i nte gra over 

with ai in R, si in S. Put s = s~ sl ... s 'l and ti = s/ si . Then 

If w e multiply by s'fl-s. we get a n equation 

asse rting t hat su is integral over R. Hence su is in R, so u = (su)/ s 

i s in s-'R. 

Theorem 13. If R is an inte gr a l domain with integral c l osure T . 



24 

then the in tegra l closure of S-1 R is S-1 T. 

Proof: If u is inK, the quotient field of R , and u is integral 

. +att./s11 = 0 w ith ai in R, si in S . L e t 

'II ll.-1 
The n s u + t1 a1 u + . . . +t11~= 0 and 

'l't-1 0 ( }:ti t- ( )lt-1 ::r!-1 • • . . + a'1. trt s = = s u a 1 t 1 s u +- . . . + art t 11 s s u . 

Hence su i s i ntegral over R. S ou= (su}/s is in S-
1
T. Now let u be in 

S-
1
T. T hen u= t /s f or some t i nT, sin S. Since Tis integral over R, 

n rt·1 
t h e n t + a1 t + .. . +a '!= 0. 

It n-1 I n _ I '1. • - 1 T hus (t +-a1 t + .. . +a,1) s -0 s 1n S T. 

n ~t-1 
Hence (t/ s) + . (a:1/ s)(t/s) ;-... .-arJs"~ = 0. T he r e f ore u is inte gral 

ove r s-'R, a nd so is in the inte gral closure of s-'R. 



CHAPTER III 

CLASSICAL RINGS OF QUOTIENTS 

In this chapter we w ill ~xamine some of the properties of the 

classical ri ng of quotients, denoted s ;' R, where R i s any commutative 

ring w ith a n identity e lement and at least one non-ze ro divisor a nd s. is 

th e se t of non - zero divisors in R. This ring is catted the classical ri ng 

of quotients since it"was t h e first s uch quotient rin g stud i ed (by Grel l ). 

A s we shall see , the classical r ing of quotie n ts posses s e s m a ny nice 

pr operties that an ordinar y rin g of quotients may not necessarily pos -

sess. Since the classical ring of quotients is j u s t a s pecial case of the 

rin gs of quotie nts, all the results shown in the last chapte r hold . One 

nice p r operty the sets. ha s is stated in the fo ll owi ng theore m. 

Theorem l. The set S., is the la r gest multiplicative set S for 

wh ich the natural homomor phi s m q: R-7S-' R is injective . 

Proof: This theorem will be prove d by show ing that q is 

injective if and on ly if S contains no ze r o divisors . So supp ose q is 

injective and the re exists an s i n S s uc h that s =/=- 0 and s is a zero 

divis or . The sr = 0 for some r =/= 0 i n R. Thus (sr)/s= 0/ s and 

I 
_, 

r/ s = 0 s in S R. Hence q i s not one - to-one . Now s uppose S contai ns 

no z ero divisors, and let r b e in the ke rnel of q. Then rq = r/s = 0/s. 

25 
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Thus there exists an s' inS such that s'sr= 0 , and r = 0 since s con-

tains no zero divisors. Thus q is injective. Now since SQ contains 

all the non - zero divis ors in R, then any set S
1 

containing $
0 

would 

necessarily contain a zero d ivisor. Therefore q would not b e injec -

tive for sl. 

Any commutative ring R w ith at least one non -zero divisor 

possesse s a c las sical ring of quotients . Since the proof that R pos -

sesses a classical rin g of quotient s i s long, it will be om itted. The 

proof can, however, be found in Samuel ( 13 , p. 44]. 

When the ring R is an i ntegral domain, t hen So= R- fO). T hus 

s;' R forms a field, called the field of quotients . The field of quotients 

cons tructed from the r i ng of inte ge rs is, of course, the field of ra ti on -

als, a nd this field is the smallest field which contains the integers . 

This is a specia l case of the more genera l result: 

Theorem 2. Any fie ld F contain ing an integral domain R as a 

-I 
sub ring contains the field of quotients So R. 

Proof : Let x/ s be in s;' R for some X in R , s in So= R- to). 

Since s is in R and R C F then s i s in F. Thus s-'= l / s is 1n F. There -

f 0 r e X I s is i n F and s 0 s;' R c F. 

That any two quotient fields of an integral domain Rare isomor -

phic is a consequence of the n ext theorem, whose p r oof is straightfor-

ward but ted iou s and can be found in Samue l [ 13, p. 43]. 
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Theorem 3. Let Rand R 1 be two commutative rin gs each con -

taining at Leas t one non-zero divisor. Then, any isomorphism of R 

onto R 1 has a unique extension to an isomorphism of s;' R onto s;' R
1

. 

If the s etS contains only non-zero divisors in a ring R, but not 

necessarily aLL the non-zero divisors of R , then s-'R is a subring of 

s;' R. 

Theorem 4. Let S be any multiplicative set of the ring R which 

contains no zero divisors of R . If the set T is defined by 

T = (a/ s in s;;' R I a is in R, s in s) then T is a subring of s:' R . 

Proof : Obvious ly T C s;' R, so we need only pr ove that T is a 

ring. Leta/sand b/t be in T. Then a/s- b/t= {ta-sb)/s t where 

st is in S since Sis a multipl icative set. Also st is in S0 since st is 

not a ze r o divisor, and ta- sb is in R since R is a r ing and ta and sb 

are i n R. T hus a/s-b/t i s in T. Now (a /s) (b/t) = (ab)/(st) is in T 

since st is a non - zero divisor and ab is in R . Therefore T is a sub 

ring of s ;' R. 

T hat i t is possible to extend the previous theorem to a chain of 

subrings of S~'R has bee n shown i n Gilmer [6, p. 15] in his theorem t. 6. 

Theorem 5 . Le t T be the classical r ing of quotients of the ring 

Rand l e t R C: M C ~C. T where M and M1 are rings. 

a ) If M:~. is a ring of quotients of R, then M 1 is a ring of quotients 

of M. 
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b) If M is a ring of quotients of R and M 1 is a ring of q uotients of 

M, then M 1 is a ring of quotients of R. 

As in t h e general case, if s;'R is the classical ring of quotients 

of Rand if R 1 is an intermediate ring, then theorem 5 shows t hat s;' R 

is a ring of quotients of R 1 • It turns out that s;'R is also the classical 

ring of quotients of R 1 • For if x is in R 1 , then x is of the forrn r / s for 

s ome rand s in R with s a non-zero divisor . Further it can easily be 

seen tha t if x 1s a non-z e ro divisor in R 1_, then r must be a non-zero 

divisor in R, since an e iement r Is i s a non-zero divisor of s;' R if and 

only if r is a non-zero d ivisor of R. Consequently, xis a unit of s;' R. 

Thus if s;' R is the classical rin g of quotients of Rand if R1. is an inter

mediate ring, then s; 'R= s; 'Rs.. In particular, s;'R is a classica l rin g 

of quotients of s;' Rand therefor e each non-zero divisor of s; ' R is a 

unit in s~' R. 

Theorern 6 . Every eleme nt of s;' R is either a zero divisor or a 

unit. 

Proof: Let r Is be an element of s~' R and suppose r I s is a non

zero divisor in s;' R. Hence r is a non-zero divisor in R, and s o r is 

in s.. Thus r I s is a unit in s;' R. 

We shall now look at some more examples of ring s that are 

identical with their classical ring of quotients. 

L. If R has an identity and e very non-z e ro d ivisor of R is 
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inve rtible, then R = s;'R. Obviously R C s:' R , s o let r/s be in s:'R, 

fo r r in R and s in S . T he n s is invertible in R, thas r Is= rs-' is in R. 

The refore s: ' R C R , and so R = s:' R. 

2. For a commutative ring R with identity, R = s;• R if and only 

if eve ry non-unit is a zero divisor. For suppose R= s;' Rand s is a 

non - zero divisor in R . Then s is i n s. I s 0 l/ s is in s;' R . But 

R= S~' R , so l/ s is in R . Thus s is a unit in R, proving that any non

unit in R is a zero - d i visor. T he proof of the converse wa s g iven in 

example l. 

3. 

R= s:' R . 

s:' R CR. 

If R contains no non - zero divisors except the identity, then 

F or if r/s is in s;'R, then r/s = r/l=r ·f' r in R. Thus 

Tha t R C s:' R is obvious. The ref ore R = s;' R. 



CHAPTER IV 

PROPERTIES PRESERVED UNDER 

L OCALIZATION 

In chapter 3 i t was shown that many of the properties concerning 

ideals are preserved under l ocalization. Now we wi ll look at some of the 

proper t ies of the ring whi ch are prese r ved under localization. I n all 

that fo llows, S is an a rbitrary multiplicative set of the ring considered. 

Theorem l. If R is an integra l domain , then S-
1
R is an integra l 

domain. 

Proof: Suppose a/s·b/t=O/s' with a/s, b/t in s-'R. T hen 

s ' ab=st·O=O, so ab=O since s' is inS and s'=/= 0 . Then a=O or b = O, 

so that a/ s = 0 o r b/t=O. Therefore s-'R is an i ntegral domain. 

Theor em 2 . If R is a principal ideal domain, then s-' R is a 

p rincipa l ideal domain. 

Proof : Le t A be an idea l in S-1 R . Then A= Aq for some ideal 

A in R . . Since A= (a), then Aq = (a )q= (a/ l) =A. Therefore A is 

p rincipa l , and so s-' R is a pr incipal ideal domain. 

Theorem 3 . 
_, . 

If R is a uni que factorizati on domain, then S R lS 

a unique factorization domain. 

Proof: An integral domain R is a unique factorization domain 

30 
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if every non - zero element 1s expressible uniquely as a product of prime 

elements . That this is equivalent to the definition that a ring is a 

unique factorization domain if and only if every non - zero p rime idea l 

1n R contains a non - zero prime ideal which is principal can be found 

m Kap lan sky [ 8, th. 5, p. 4]. Suppose P is a prime ideal in s-• R , 

whe re P= Pq, for some prime ideal Pin R . S ince R is a unique fac 

torization doma i n, P contains an ideal (p}, where (p ) is prime and 

p rincipal i n R . Then (p )q is prime and principal i n s-' R, and obvious ly 

(p )q C P . The ref ore s-' R is a unique fac torization domain. 

Theorem 4. If R is a Noetherian ring, then S-1 R is a Noetherian 

ring. 

Proof: A ring R is called a Noetherian ring if every prime ideal 

m R is finitely generated. Suppose P is a prime ideal in s-' R . Then 

P= Pd for some prime ideal Pin R, by theorem l of chapter 2 . But 

Pis finitely gene r ated in R, soP is finite ly generated in s-'R. There 

fore s-' R is Noetherian. 

Theorem 5. Ii R is a va luation ring, the n s-' R is a valuation r ing. 

Proof: A commutat i ve ring R is said to be a valuation ring if for 

any a and b in R either a divides b or b divides a. Suppose r Is and t/ s' 

a re ins-' Rand r /s does not divide t / s'. Thus (rs'} / (ss') does not 

divide (ts )/(ss' ), and so rs ' does not divide ts . Since R is a va luation 

ring , then ts divides rs'. H e nce (ts)/(ss') divides (rs') /(ss '), and so 
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tl s' divide s r Is. Therefore s-' R is a valuation ring. 

Theorem 6. If R is a Dedekind ring, then s-'R is a Dedekind 

ring. 

Proof: If R is ao integral domain and every non-zero divisor of 

R is invertible then R is said to be a Dedekind ring . Since R is an 

integral domain, then s-'R is an integral domain and by example 4 of 

cha pter 1 every non-zero ideal A in s-'R is inve rtible if A is invertible 

in R where A= Aq. Therefore s-' R is a Dedekind ring. 

The or em 7. If R is a Prufer ring , then s-• R is a Prufe r ring. 

Proof: A Prufer ring is an integral domain in which every non -

zero finitely generated idea l is invertible. T he ring S-l R is an integral 

domain , by theorem l. Also every non - zero finitely generated ideal is 

inve rtible in R, since R is Priifer. Since A= Aq f o r some ideal A in 

R , then A is finitely generated in S-1 R . Also by exam ple 4 of chapter l 

A is invertible in s-' R since A is invertible in R . T he refore s-' R is a 

Priifer ring. 

Gilmer [ 6, p. 556] shows that Z [FS] is a Prufer ring. Since 

every Dedekind ring is a Priifer ring, this i s also an example of a 

Dedekind ring. 

Theorem 8. If R is a Bezout ring, then s-'R is a Bezout ring. 

Proof: A Bezout ring is an integra l domain in which e v ery 

finite ly generated ideal is principal. Let A be a finitely generated ideal 
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ins- ' R , where A= Aq for some finitely generated ideal A in R. Since 

R is a Bezout ring, then A i s also principal. Thus A is principal in 

s-• R by theorem 2 of chapter 4 . -· . Therefore S R 1s a Bezout ring. 

Obviously every principal ideal ring is a B ezout ring. T h e ring 

of entire functions, that is, functions of a complex variable that are 

differentiable is anothe r example of a Bezout ring . I t can easily be 

shown that Z [.F5] is not a unique factorization d amain and so not a 

principal ideal domain. Hence Z [J-5) is an exam p le of a Prufer r ing 

tha t is not a Bez out ring. 

Theorem 9 . If R is inte grally closed, then s-'R is integrally 

c losed . 

Pr oof : The proof of this was given 111 c hapter 2, page 23 . 

Theorem 10. If R i s absolutely flat , then s-• R is absolute ly flat. 

Proof: A ring R is called absolu tely flat if every principal ideal 

2 - -1 

A is idempotent, t hat is , A= A. Let A be an ideal in S R . Then 

A= Aq for some ideal A in R. Let a/s be an element in A . The n 

a is in A= Jt. Thus a/ s is in A2
, so A C.A7 T he r e verse inclusion is 

obv ious . The refore s-• R is absolutely flat. 

Theorem ll. If R is normal, then s-• R is normaL 

Proof : An i ntegrally closed domain is called a norma l ring. 

Thus by theorem 9, s-• R is normal. 

There are ma~y more prop erties that are prese rved under 
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Localization , but to show them all would go beyond the scope of this 

pape r . 

Although the converse of many of the theorems in this chapter is 

not valid, there are time s when we can look at s-' Rand determ ine the 

properties of R. Just two of the many examples of going from s-• R to 

R follows. 

l. If the local ring R r has no non-zero nilpotent elements, then 

R has no non - zero nilpotent elements . For suppose xis an element in 

R whe r e x=j= 0 and xf/.- 0 . Then X is in n I1 where 11 ranges over aLL 

prime ideals in R . Thus x/ s is in n~ whe re !1 ranges over aLL prime 

ideals in Rp. Thus (x/ s )'1= xrt. / s"= 0/ srt is in n F;. Therefore Rr has 

nilpotent elements not equa l to zero. 

2. Let R be a commutative ring such that Rr is a principal ideal 

domain for every prime ideal P of R. Then every non-zero prime ideal 

in R is maximal. The proof of this example can be found in Barshay 

[2 , p. 98] . 

As we have just seen, many of the important properties of rings 

are preserved under localization; therefore we can often pass from 

the rin g R to the ring S-1 R without losing the properties of the original 

ring in the process . In proving many theorems. the modern trend in 

seve r a l areas of algebra is to pass to the ring of quotients to obtain 

eas ier and simpler proofs of theorems that would otherwise be 
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difficult and tedious to prove . Northcutt [ l 0], Samuel [ 13 ] , and 

Kaplan sky [ 8] , use the technique of passing to the ring of quotients to 

obtain simpler proofs throughout their books. An example of how this 

technique shortens proofs is seen in the theorem that if R is a unique 

factoriza tion domain, then R[x] is a unique factorization domain. T hi s 

theorem can be proven in just a few sentences by pass ing to the 

quotient field of R. T his is done in Barshay [2 , th. 4 - 6, p. 46~ . Othe r

w ise, this theorem would be long -- about one and one half pages in 

Burton [ 3, th. 7 -ll , p . 124], and by no means easy to follow. 

Since obtaining a short, sim ple proof of a theorem is desirable in 

most branches of mathematics, the rings of quotients deserve to be 

studied and carefully ana lyzed. H owever, obtaining simple proofs is 

not the o nly app lication of rings of quotients . E xamples of recent 

app lications to algebraic geom etry can be found in the papers of 

Chevaltey [ 4] and Zariski [ 12] . Applications ca n also be found in 

Gilmer 's Multiplicative Ideal T heory and in Nagata's L·ocal Rings . 

To try to show all the applications of the rings of quotients wou ld go 

beyond the scope of this paper , since it would re quire an extended 

analysis of such areas as algebraic geometry and local rings. 
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